Abstract. Let C be a projective irreducible non-singular curve over an algebraic closed field k of characteristic 0. We consider the Jacobian J(C) of C that is a projective abelian variety parametrizing topological trivial line bundles on C. We consider its Brill-Noether loci that corresponds to the varieties of special divisors. The Torelli theorem allows us to recover the curve from its Jacobian as a polarized abelian variety. We approach the same way the problem for the Quot scheme Q d,r,n (C) of degree d quotients of a trivial vector bundle on C, defining Brill-Noether loci, maps of Abel-Jacobi type. We define a polarisation on the compactification R C,d of the variety of ruled surfaces considered as a Quot scheme and we prove an analogous of the Torelli theorem by applying a Fourier-Mukai transform.
Introduction
Let C be a complete nonsingular algebraic curve of genus g over an algebraic closed field k of characteristic 0, and let D(X) denote the bounded derived category of coherent sheaves on a variety X. This is the category obtained by adding morphisms to the homotopic category of bounded complexes of coherent sheaves on X in such a way that any morphism of complexes which induces isomorphism in cohomology becomes an isomorphism.
For smooth projective curves, a derived equivalence always corresponds to an isomorphism. In particular this implies the classical Torelli theorem. If there is an equivalence between the derived categories of two smooth projective curves, then there is an isomorphism between the Jacobians of the curves, that preserves the principal polarization, [Ber] . In general, for higher dimensional smooth projective varieties, this is not true.The problem of the existence of smooth, projective non birational Calabi-Yau threefolds that have equivalent derived categories, has been studied by A. Caldararu in [Cal] , where the author suggests a way to construct such examples of CY threefolds.
Due to a result of Orlov ([Orl] ), an equivalence F : D(X) → D(X ′ ) between derived categories of coherent sheaves on smooth projective manifolds X, X ′ is always of Fourier-Mukai type, that is, there exists a unique (up to isomorphism) object E ∈ D(X × X ′ ) such that the functor F is isomorphic to the functor: Ξ E (−) := q * (E ⊗ p * (−)), where p and q are the projections of X × X ′ onto X and X ′ , respectively.
In particular, two smooth projective manifolds that have equivalent derived categories of coherent sheaves, have isomorphic rational cohomology groups ( [Huy] ):
Some aspects of string theory also provide motivation in order to understand Fourier-Mukai equivalent varieties. For example, Kontsevich's Homological Mirror Symmetry conjecture [Kon] predicts an equivalence of triangulated categories between the derived category of X and the Fukaya category of X ′ , when X and X ′ are a mirror pair. As a consequence of HMSC, if X ′ and X ′′ have the same mirror, they have equivalent derived categories and reciprocally if they have the same derived category, it is expected that they should have the same mirror. If X, X ′ are related by mirror symmetry, there is an isomorphism as well at the level of cohomology.This isomorphism is explicitly described for abelian varieties, [GLO] .
In general, it is interesting to know how much information about a space X can be recovered from Hodge data on X.
Let M (r, d) be the projective non-singular variety of isomorphism classes of stable bundles on C of rank r and degree d, then the canonically polarised intermedian Jacobian of M (r, d) corresponding to the third cohomology group, is naturally isomorphic to the canonically polarised Jacobian of C. Here we show that a smooth projective curve C over k is determined by a certain Quot scheme compactification of the scheme of degree d morphisms from the curve to the Grassmannian G(2, 4) with a certain polarisation on this Quot scheme. The proof uses the Fourier-Mukai transform along the lines of Beilinson-Polishchuk proof of the classical Torelli theorem, [BP] . In the genus 0 case, these spaces are considered in [Mar1] as parameter spaces for rational ruled surfaces in order to solve certain enumerative problem. However the Fourier-Mukai transform is defined on a general Quot scheme parametrizing quotient sheaves of a trivial bundle on C.
2. Geometry of the Jacobian and Quot schemes 2.0.1. Torelli problem for smooth projective curves. Let C be a complete non singular curve of genus g, and k be an algebraically closed field. By P ic (C) (resp. P ic d (C)) we denote the Picard group of C (resp. the degree d subset in it). The Jacobian J = J(C) of C is an abelian variety such that the group of k−points of J is isomorphic to P ic 0 (C), (all topological trivial line bundles). Let φ : C → J(C) be a canonical map of C into its Jacobian, normalized such that φ(P ) = 0 for some P ∈ C.
For every d > 0 we denote by Sym d C the dth symmetric power of a curve C. By definition, Sym d C is the quotient of C d by the action of the symmetric group S d . We can identify the set of effective divisors of degree d on C with the set of k−rational points of the symmetric power Sym d C, that is, Sym d C represents the functor of families of effective divisors of degree d on C.
Theorem 2.1. (Torelli) Let C 1 and C 2 be two smooth projective curves of genus g > 1 over k. If there is an isomorphism between the Jacobians J(C 1 ) and J(C 2 ) preserving the principal polarization then C 1 ∼ = C 2 .
The subset in P ic g (C) consisting of line bundles L with h 0 (L) = 1 corresponds to the set of k−points of an open subset in Sym g C. Translating this subset by various line bundles of degree −g we obtain algebraic charts for P ic 0 (C). The Jacobian variety J is constructed by gluing these open charts. It is a consequence of Torelli's theorem that if
Next theorem states that the same result continues to hold for all d ≥ 1 with one exception:
Theorem 2.2. [Fak] Let C 1 and C 2 be two smooth projective curves of genus g ≥ 2 over an algebraically closed field k.
It is well known that there exists non-isomorphic curves of genus 2 over C with isomorphic Jacobians.
One has the canonical scheme structure on W r d , since it can be described as the degeneration locus of some morphism of vector bundles on J d . The subscheme W 0 g−1 is exactly the theta divisor Θ ⊂ J g−1 . All theta divisors in the Jacobian are translations of the natural divisor Θ ⊂ J g−1 . We have a canonical involution corresponding to the map
, where K C denotes the canonical line bundle over the curve C, and L −1 is the dual line bundle of L. There is a canonical identification of P ic 0 (J g−1 ) with P ic 0 (J) = J induced by any standard isomorphism J → J g−1 given by some line bundle of degree g − 1. The corresponding Fourier transform F on the derived categories of coherent sheaves on J and J g−1 is an equivalence.
Denote by Θ ns the open subset of smooth points of Θ. We can identify Θ ns with an open subset of Sym g−1 C consisting of effective divisors D of degree g − 1, such that h 0 (D) = 1.
For sufficiently large d, the morphism σ d
Let us identify J d with J using the line bundle O C (dp), where p ∈ C is a fixed point. Then we can consider σ d as a morphism
can be identified with the projective bundle associated with S(L), the Fourier transform of L.
On the other hand, we can consider
Higher rank divisors. A divisor of rank r and degree d, (r, d)divisor, will be any coherent sub O C -module of k r = k ⊕r , having rank r and degree d. This set can be identified with the set of rational points of an algebraic variety Div
C/k that may be described as follows. For any effective ordinary divisor D, set:
where C /C/k , using the line bundle O C (dp). Since the whole construction is algebraic, it can be performed over any complete normal field, for example, a p−adic field.
Let Q d,r,n (C) be the Quot scheme parametrizing rank r coherent sheaf quotients of O n C of degree d. There is a universal exact sequence over
The universal quotient E is flat over the Q d,r,n (C) Quot scheme, that is, for each q ∈ Q d,r,n (C), E q := E |{q}×C is a coherent sheaf over C and
is constant by Riemann-Roch, (does not depend on q). By analogy with Sym d C, it is natural to define maps
, of Abel-Jacobi type. The geometry of the curve C interacts with the geometry of Q d,r,n (C) and J(C) via these maps.
For sufficiently large d, there is a morphism Q d,r,n (C) → J d = J(C) which is a projective bundle. Proposition 2.3. For d sufficiently large and coprime with r, there is a morphism from the Quot scheme Q d,r,n (C) to the Jacobian of the curve J d .
Proof. Let U be a universal bundle over C × M (r, d). We consider the projective bundle ρ :
We take the degree sufficiently large to ensure that the dimension of P(H 0 (C, F ) ⊕n ) is constant. Globalizing,
Alternatively, P d,r,n (C) may be thought as a fine moduli space for n−pairs, (F ; φ 1 , . . . , φ n ) of a stable rank r, degree d bundle F together with a nonzero n−tuple of holomorphic sections φ = (φ 1 , . . . , φ n ) : O n → F considered projectively. When φ is generically surjective, it defines a point of the Quot scheme
is a birational morphism, therefore Q d,r,n (C) and P d,r,n (C) coincide on an open subscheme and also the universal structures coincide. From the universal quotient
for all q ∈ Q d,r,n (C), we have a surjective morphism O n C → E → 0. Now we consider the canonical morphism to the Jacobian of the curve:
and the composition of the morphisms, ρ = det • ρ • ϕ gives a morphism from Q d,r,n to the Jacobian J d .
3. The Torelli problem for the R C,d −Quot scheme Let K C be the canonical bundle over C and π 1 , π 2 be the projection maps of Q d,r,n (C) × C over the first and second factors respectively. Tensorizing the sequence
, gives the exact sequence:
Here L is a line bundle of fixed degree. The π 1 * direct image of the above sequence yields the following long exact sequence on Q d,r,n (C):
The universal element E considered as an object in the derived category D b (Q d,r,n (C) × C) of the product, defines an integral transform φ E (−) with kernel E to be the functor D b (Q d,r,n (C)) → D b (C) between the bounded derived categories of coherent sheaves over Q d,r,n (C) and C respectively given by the formula:
If an integral transform is an equivalence, it is called a Fourier-Mukai equivalence.
The functor φ E has the left and right adjoint functors φ * E and φ ! E defined by the following formulas:
where K Q d,r,n (C) is the canonical sheaf on Q d,r,n (C), and
Note that if there exists the left adjoint functor, then the right functor φ ! E also exists and φ
Remark 3.1. Note that as Quot d,r,n (C) and C have different dimension, the functor defined φ E cannot be an equivalence between the corresponding derived categories of coherent sheaves.
Remark 3.2. Note that the definition of the Fourier-Mukai transform uses the universal quotient sheaf E which is defined over the product Quot d,r,n (C)× C. However since the Fourier-Mukai transform φ E pushforwards the corresponding coherent sheaf on the product to Quot d,r,n (C), it can be defined without reference to the curve C. In other words, we can take any E ⊗ π * 1 N , where N is a line bundle over Quot d,r,n (C) to define a Fourier-Mukai transform on D b (Quot d,r,n (C)).
Recalling the notation of [Mar2] , R C,d will be the Quot scheme compactifying the variety of morphisms Mor d (C, G(2, 4)), that is, we are fixing the integers r, n to be 2, 4 respectively. The image of a curve C by f is a geometric curve in G(2, 4) or equivalently a ruled surface in P 3 . For each
as the open subscheme of locally free quotients of O 4 C . Analogously to the case of the Jacobian, we can consider the following closed subsets:
for a fixed integer k. The subset R k C,d,s has the canonical scheme structure on R C,d , since it can be described as the degeneration locus of some morphism of vector bundles on R C,d . These sets are analogous to the varieties of special divisors in the Jacobian of a curve. Note that in the case k = 1, this scheme corresponds exactly to points q ∈ R C,d such that f * q Q has Segre invariant s, (see [Mar2] ), and when s takes the value 2 (g − 1), this defines a one codimension locus inside R C,d , that later we will take as a polarization for R C,d .
Tangent spaces.
C → E q → 0 be the quotient represented by a point q ∈ Q d,r,n (C) and we consider the tangent space to that point,
is trivial, then q is a smooth point in Q d,r,n (C). In that case, we compute by Riemann-Roch theorem that the dimension of
Proof. Since the schemes R k C,d,s are determinantal varieties. Locally there exists a morphism from R k C,d,s to the variety of matrices M k (n, m) of rank less or equal than k, such that R k C,d,s is the pull-back of the variety of matrices M k (n, m) of rank equal or less than k. Then the result follows from the analogous statement for the tangent space at M k (n, m).
Lemma 3.4. For d sufficiently large depending on s, the expected codimension of R k C,d,s as a determinantal variety is (2g − s − 2 − k) · k.
Proof. R k C,d,s is exactly the locus of degeneration of the morphism of vector bundles:
(see Theorem 3.2 of [Mar2] ). Now by the theory of determinantal varieties, a simple dimension computation gives the result.
3.2.
A polarization for the R C,d − Quot scheme and Torelli. Let F be a flat family of coherent sheaves on a relative smooth projective curve π : C → S, such that for each member of the family χ(C s , F s ) = 0. We associate to F a line bundle det −1 Rπ * (F) (up to isomorphism) equipped with a section θ F . We define the theta line bundle on J associated with a line bundle L of degree g − 1 on C by applying this construction to the family p * 1 L ⊗ P on C × J, where P is the Poincare line bundle. Zeroes of the corresponding theta function θ L constitute the theta divisor θ L = {ξ ∈ J : h 0 (L(ξ)) > 0}, that is a polarization for the Jacobian J. This means that isomorphisms classes of theta line bundles have the form det −1 S(L), where S(L) is the Fourier-Mukai transform of a line bundle L of degree g − 1 considered as a coherent sheaf on the dual Jacobian J supported on C.
Beilison and Polishchuk give a proof of the Torelli theorem for the Jacobian J of a curve in [BP] , based on the observation that the Fourier-Mukai transform of a line bundle of degree g − 1 on C, is a coherent sheaf (up to shift), supported on the corresponding theta divisor in J. Here we present an analogous of the Torelli theorem for the R C,d Quot scheme, defining a polarization or theta divisor of R C,d . in R C,d . Moreover, the restriction of F to the non-singular part of this divisor (understood as a polarization for R C,d ) is a line bundle and F can be recovered from this line bundle.
Proof. For L a line bundle of degree in R C,d , that is, on the locus of points q ∈ R C,d such that
, and we can represent it as the cone of the morphism of vector bundles on
Since φ is an isomorphism outside of R 1 C,d,2(g−1) , it is injective and F = Cokerφ. Moreover, when s = 2 (g − 1) R 1 C,d,2(g−1) is a divisor and it is a polarization for the R C,d −Quot scheme. We see that
has a canonical (up to non-zero scalar) global section θ φ (canonically up to isomorphism). The zeroes of
. It follows that F is the pushforward F = i ns * M by the natural locally closed embedding i : R 1
. If we change the resolution L 0 → L 1 for F , the pair (det F, θ φ ) gets replaced by an isomorphic one.
The singular locus of
and by Lemma 3.4 it has codimension in R C,d greater than 2, thus M := i ns * F .
Let θ ns φ be the set
. This set corresponds to the non-singular part of θ φ by Lemma 3.3. The restriction of F to θ ns φ is a line bundle, and F can be recovered from this line bundle by taking the pushforward with respect to the induced embedding θ ns φ ֒→ θ φ . By the base change theorem of a flat morphism:
Since h 0 (C, Eq ⊗ K C ⊗ L −1 ) = 1 for every q ∈ θ ns φ , by applying the base change theorem again, we deduce that rk M | q = 1 for every q ∈ θ ns φ . Since θ ns φ is reduced, M is a line bundle on θ ns . We can characterize the set M of all line bundles on θ ns φ in terms of (R C,d , θ φ ). The set M has two properties:
(1) For every M ∈ M, M ⊗ ν * M ∼ = K θ ns , where ν : θ → θ is the canonical involution. (2) The class of M generates the cokernel of the map
Thus to recover the curve C from (R C,d , θ φ ), one has to pick a line bundle M on M extend it to θ φ (= R 1 C,d,2(g−1) ) by taking the push-forward and then apply Fourier-Mukai transform. Pick any theta divisor θ L ⊂ R C,d (where L ∈ P ic d+s 2 (C)) and M a line bundle in M, then the Fourier-transform φ E (i ns * M ) has the form L[2(s − g)], where L is a coherent sheaf on R C,d and its support is isomorphic to C. Now we see that M ∈ M. First, we apply duality theory to the projection π 1 : R C,d × C → R C,d to prove that Proof. By Theorem 3.5, the restriction of F = φ E (ν(L)) to the nonsingular part of θ i (L ∈ P ic 
